We rewrite the Klein-Gordon (KG) equation in an arbitrary spacetime transforming it into a generalized Schrödinger equation. Then we take the weak field limit and show that this equation has some differences with the traditional Schrödinger equation plus a gravitational field. Thus, this procedure shows that the Schrödinger equation derived in a covariant manner is different from the traditional one. With this new Schrödinger equation, we study the KG equation in a Newtonian space-time to describe the behavior of a scalar particle in an inertial system. We give some examples where it is possible to study the energy levels, effective potential and the wave function of the systems, these results contain the gravitational effects due to the curvature of space-time. We show that it is possible to verify experimentally these effects in a laboratory using non-inertial reference frames.
Introduction
In the last century, General Relativity (GR) and Quantum Mechanics (QM), the two pillars of modern physics, have been developed and verified independently with great precision, while quantum physics can describe successfully the behavior of tiny particles such as atoms and electrons, moreover relativity is very accurate for forces at cosmic scales. However, in some cases, the two theories produce incompatible results given rise to different definitions for the same concept. The main problem, we think, is the concept of interaction between particles. In QM two particles interact when they exchange a virtual particle, while in GR the interaction is just due to the geometry of space-time. Both concepts are incompatible. In this work we are going to adopt the GR geometrical concept, instead of the exchange of virtual particles. The main goal of this work is to test GR in this regime and at the same time to test whether a boson gas follows the Klein Gordon equation on a curved space-time. These results could be useful either for laboratory particles as well as for the study of the quantum character of boson particles proposed as dark matter (see for example [1] , [2] ).
One of the most important problems in theoretical and fundamental physics is to have an Everything Theory where the principal theories in physics, GR and QM, can be compatible. In the last decades, it has been proposed some theories [3] , [4] to do this unification containing different ideas to solve the incompatibility between GR and QM, nevertheless the experimental verification of these candidates and their theoretical problems are so far too complex. However, the main question in this problematic would be; Is Gravity Quantum? Several physicists have tried to answer this question with different proposals for experiments and observations [5] [6] , but some proposals are not feasible with the technology today.
Here, we do not pretend to propose a new Everything Theory, rather we want to give a new different way to measure the gravitational effect due to the curvature of space-time on quantum systems, specially on a scalar particle. The results are not definitive to say if the gravity is or not a quantum interaction but it is a closer path to answer if gravity has a quantum nature. Using the Einstein Equivalence Principle (EEP), which states that, the experiments in a sufficiently small freely falling laboratory, over a sufficiently short time, give results that are indistinguishable from those of the same experiments in an inertial frame in empty space. Since the properties of a non-inertial system are the same as those of an inertial system when there is a certain gravitational field, we use this principle to develop this work, studying some different examples of QM on an inertial frame immersed in a gravitational field, nevertheless to measure this effects in a laboratory, we will locate a quantum system on a non-inertial frame, hoping to get the same results both in the theoretical part and in the experimental one, also we expect to obtain results on quantization as in QM and on the quantization of inertia.
We may expect that there exists a regime where quantum aspects of gravity are detectable, in which the gravitational field is retained as a classical background, while the matter field are quantized in usual way. With a simple dimensional analysis we may have an idea where the gravitational effects on a quantum system are important, we could find the scale where these effects can be observed. It is possible to compare two well-known quantities in both QM and GR, we can obtain an expression between the mass M , that produces the gravitational field and the mass of scalar particle m. Hence
where m pl = c/G is the Planck mass and α is the fine-structure constant. If m = m e is the mass of an electron, we obtain that M ∼ 3.57 × 10 16 kg, for this mass M , an electron should feel a gravitational effect. On the other hand, the mass of Earth is ∼ 5 × 10 24 kg, i.e., we should measure in Earth the quantum gravitational effects on an electron. If we consider now the mass of an ultralight scalar particle ∼ 10 −22 eV /c 2 , the mass proposed in models of Scalar Field Dark Matter (SFDM) [1] , [2] , we obtain from eq.(1) that M ∼ 10 12 M ⊙ , this is the mass of a galaxy. We can say then that if the dark matter is a scalar field with a mass m ∼ 10 −22 eV /c 2 [1] , [2] , the galaxy should have a gravitational quantum behavior. Thus, adopting Einstein's GR theory as a description of gravity, it is possible to take a quantum field theory in curved background and to study the gravitational effects due to the curvature of space-time on a quantum system. Taking this into account, in this work in particular, we study well-known examples of QM for scalar particles with corrections due to the curvature of the space-time.
Generalized Schrödinger Equation
In order to analyze the gravitational effect due to curvature of the space-time on a quantum system, we study a scalar field following the reference [7] , where it is described the KG equation with an external potential
is the D'Alembertian operator associated to the metric g µν , Φ = Φ(t, x) is the scalar field and V = V(Φ, Φ * ) is the scalar field potential, endowed with an external potential. The space-time is expanded in a 3+1 slices, such that the coordinate t here is the parameter of evolution, the 3+1 metric then reads
Equation (2) is a covariant equation whose origin is in quantum field theory. To obtain a general Schrödinger equation, we start from the KG equation and use the transformation for the scalar field Φ(t, x) = Ψ(t, x)e −iωt , to obtain [7] 
Equation (4) is exactly the same as Eq. (2) but now using the Ψ variable. We interpret Eq.(4) as the covariant generalizations of the Schrödinger equation for any curved space-time, see [8] and [7] where this equation is compared in the weak field limit in flat space and shown that it reduces to the normal Schrödinger one. Here ω = ω 0 c 2 / where ω 0 is the characteristic frequency of the scalar field. We can interpret the function Ψ as a wave function, analogous as in QM.
We can write in equation (4) the term
where V is an external extra potential. In what follows we use the Newtonian geometry given by the Newtonian metric
The Newtonian gravity is known to be valid when the gravitational fields are weak GM/rc 2 << 1 and they produce velocities near the speed of light |v|/c << 
being U = −GM/r the gravitational potential. We now take into account that ∂ 2 0 Φ ≈ 0, since the evolution of this function is small and that the Newtonian potential fulfills U/c 2 << 1, so that we can ignore terms greater or of equal
. With all this in mine the generalized Schrödinger equation (7) reduces to [8]
In comparison with the traditional Schrödinger equation in a gravitational field, we see that now there are two new terms between parenthesis in Eq. (8). We do not add extra terms in the Schrödinger equation, these new terms appear from the covariant meaning of the equation. From the qualitative point of view, this means that the QM version of the interactions between particles fulfill the Schrödinger equation, while the GR version of these interactions fulfill the generalized Schrödinger eq. (8). This difference is the main goal of this work. In what follows, we calculate the quantum quantities for different external potentials of well-known problems in QM and compare them with those corresponding in GR.
Free Particle
We start from the KG covariant equation in Newtonian geometry eq.(8) to compare the cases when there is a gravitational field and when there is not as in QM. The first example, we consider is a free particle with mass m (mass of scalar field) under the influence of a gravitational field. In eq.(8) using an external potential V = 0 but having the gravitational potential U = −GM/r, the equation transforms into
Observe again that we have the extra term − 2 2 U mc 2 ∇ 2 Ψ in the Schrödinger equation, although the treatment on these equations will be in the QM formalism.
Using the perturbation theory, we can write a principal Hamiltonian operator H 0 and a perturbed Hamiltonian operatorĤ p , given bŷ
For the first order correction of energy, using the perturbed Hamiltonian from hydrogen atom-like problem in QM
n is the well-known energy for hydrogen atom, that means
where ρ 0 is the Bohr radius for this case. Thus, we expect that the gravitational field modifies the energy of a free particle in a quadratic level, suppressed by the rest energy of the boson particle. This result is surprising for an ultra-light boson dark matter [1] [9], because this model postulate a boson particle with a mass of the order of 10 −22 eV/c 2 . With such a mass the effects of the selfgravitation of the boson field are important in a system of particles, something that is not so easy to feel in a system with heavy bosons.
Isotropic Harmonic Oscillator
We study the potential V of an isotropic harmonic oscillator in eq. (8) . This analysis can be done in two ways, when the principal potential is the gravitational U = −GM/r and we have a perturbation like-isotropic harmonic oscillator
The other way is taking as principal Hamiltonian an isotropic harmonic oscillator, and the perturbation will be the gravitational potential. So, eq.(8) with V osc transforms into
Harmonic Oscillator inside a Gravitational Field
We first suppose that we have an isotropic harmonic oscillator immersed in a gravitational field, that means, V osc << U . For solving this problem we can take the principal Hamiltonian operatorĤ 0 with the gravitational part and the perturbed HamiltonianĤ p in the following waŷ
We are interested in the wave function in spherical symmetry Ψ = Ψ(t, r, θ, φ).
Thus, we apply separation of variables for
where Y lj are the spherical harmonics and R nl (r) is the radial function for hydrogen atom problem. TheĤ 0 hamiltonian contains the well-known solutions of the eigenvalues from the hydrogen atom problem in terms of the recurrence rule for powers of r. It is possible to show that the correction for first order of energy is given by
where
n is given by eq. (13) . Note that if ω 0 = 0, we return to the case of a free particle on a gravitational field of the previous case. Observe that as in the previous case, the modifications due to the gravitational field are of second order, but now, plus a term which is proportional to the mass and the frequency ω 0 . In this case the second term of the contributions of the perturbations of the gravitational potential due to the harmonic oscillator are negligible for ultralight masses. But if the boson mass is big, the quadratic contributions are not important. In any case, for any boson mass there is a contribution of the harmonic oscillator that must be taken into account.
Gravitational Field inside Harmonic Oscillator
Now, we can consider the gravitational field like-perturbation on an isotropic harmonic oscillator with spherical symmetry, where the principal Hamiltonian operatorĤ 0 is given bŷ
because we can approximate r − GM/c 2 ≈ r. Note that r sch = 2GM c 2 is the Schwarzschild radius. For the perturbed HamiltonianĤ p
The principal Hamiltonian is the Hamiltonian of an isotropic harmonic oscillator with spherical symmetry, the solution of eigenfunction is well-known in QM, this solution is obtained after applying the method of separation of variables, similar as the previous case Ψ(t, r, θ, φ) = R kl (r)Y lj (θ, φ) exp(−iE n t) where R nl (r) is the radial function for an isotropic harmonic oscillator R kl (r) =
, with γ = mω 2 and L p q (x) are the generalized associated Laguerre polynomials. Thus, the first order correction for the energy is given by
where E (0) n = ω n + 3 2 is well-known from QM, where we have a degeneration n = 2k + l. The solution for 1 r was found in [10] , where
if we take only the first term of this solution, we obtain the energy value
Note that if G = 0, we return to the solution for an isotropic harmonic oscillator with spherical symmetry without gravitational field, which is wellknown in QM. It is peculiar that the Schwarzschild radius was obtained in a very natural way.
The two cases we have analyzed in this section are extreme, when the gravitational field is much more intense than the harmonic oscillator and vice-versa. The case when the two potentials are comparable is much more complex and we are left it for future work.
Infinite Spherical Well Barrier
Now, we deal with the infinite spherical well barrier V inf (r) that has two regions
We are only interested in studying the region where 0 < r < a, then the motion equation is given by
We can choose a principal Hamiltonian operatorĤ 0 from the motion equation, whereĤ
The zero-order correction of the energy is then E
We can define the perturbed HamiltonianĤ p from the KG equation
The first-order correction of the energy E (1) can be calculated, with the zeroorder correction of eigenfunction Ψ
q ln is n-th root of the Bessel spherical functions j l (x) and A ln is the constant of normalization
Therefore
where, from perturbation theory, we have
Unfortunately, it is not possible to perform the last integral with analytic methods, thus we will integrate it numerically. In general, it exists for each state n = 2l + 1 degenerations, thus for l = 0, we have that j 0 (x) = sin(x)/x, its n-th root is q 0n = nπ and the normalization's constant is A 01 = 2/a. Hence
Now, for l = 1 the first excited state is three-fold degenerate, then we need the first three roots of j 1 (x) = sin(x) 
and for n = 3 1 r ≈ A 
We can continue this process for the next excited states, as in the previous cases.
If we make G = 0, we return to solutions for QM without gravitational field.
Spherical Potential Barrier
The problems of square well potential with some symmetry (spherical, cartesian or cylindrical) are important for some experiments of quantum system. In this section, we study a square well barrier with spherical symmetry. Similar as in the previous sections, we analyze the case of QM for square well potential with space-time curvature. We use the Newtonian metric from (6), the motion equation (8) transforms into
where again U = −GM/r is the gravitational potential. We take the laplacian operator ∇ 2 in spherical coordinates and the potential V B as
Thus, from Eq.(34) we can identify a principal Hamiltonian operatorĤ 0
The perturbed HamiltonianĤ p can be defined from Eq.(34)
In general, we can find the fist-order correction of energy with the perturbed Hamiltonian operator in Eq.(36), we obtain
The case when E < 0 shows the quantum nature of the system due to the fact that the spectrum of energy is discrete. Potential V B defines naturally two regions, Region I for (r < a) and Region II for (r > a). Both regions without gravitational field are well-known. For Region I the first-order correction of energy E
(1) I is given by
where the zero-order correction of the eigenvalue is E
the zero-order correction eigenfunction reads Ψ lnj (r, θ, φ) = R ln (r)Y lp (θ, φ), provided that Y lp (θ, φ) are the spherical harmonic functions and R ln (r) = A ln j l (γ ln r) is the radial solution, such that j l (x) are the spherical Bessel functions and k 1 = γ ln is the n-th solution of the transcendental equation due to the boundary and continuity condition and their derivative at r = a given by
For l = 0, it reduces to solve the transcendental equation
In the limit when |E| << U 0 , we return to the solution for the first root. When l = 0 we recover the same as in the last section, namely k 1 a ≈ π/2. In general for Region I, we need to integrate
where σ ln = aγ ln . Using the parameter η = σ ln /q ln that compares the n-th solution of the transcendental equation with the n-th root, the case when η = 1 we return to case of Section 5. However the solution of this integral should be calculated using numerical methods. In Region II, the zero-order correction is given by
Defining a new parameters σ * ln = aγ * ln , and η * = γ * ln /q ln . The first-order correction is similar as for the Region I E (1)
with the eigenfunction Ψ lnj (r, θ, φ) = R ln (r)Y lj (θ, φ). Nevertheless the radial function has a new form R ln (r) = Bh
, where B is a constant of normalization, h 
This is a general solution of this perturbation, nevertheless if we want to solve this integral, we need every parameter for a specific case. As expected, similar as in the previous cases, if G = 0 we return to the solutions where we do not have the gravitational field.
Conclusions
In this work, we studied the KG equation in a weak gravitational field for different external potentials with the aim to understand the quantum effects of a boson gas on a gravitational field. We studied different examples that are well-known in QM, but now adding the curvature of space-time (or gravitational effects). We started from the most general equation for bosons in QFT in curved space-times, we found a generalized Schrödinger equation that is just the KG covariant one writing in other variables. To solve the differential equation, we identified the principal and perturbed Hamiltonian operator in each case, and compared them with the well-known results in QM. Each example, we have studied, was worked out on an inertial frame. This is so important to highlight it due to the main idea of this work. We wanted to obtain the same results when we will measure the gravitational effects on a quantum system in the laboratory. This quantum system (with scalar particles) will be on a noninertial frame, where we expect that the Einstein equivalence principle give us a correspondence between experimental and theoretical results. These results let us find the limit, where we could measure quantum gravitational effects, provided 2α mM/m are able to apply our results on micro black holes scale [11] . For example, if we consider a mass of a scalar particle m as the mass of electron, we obtain that the gravitational mass M that affects the electron by quantum gravitational effects is ∼ 10 16 kg. In the same way a M ∼ 10 13 kg could affect a particle with a proton mass. If we think on the easiest non-inertial frame, we mean, a spinning system, thus we would not have a real mass M , but it would have a effective mass given by angular frequency Ω, where Ω 2 = GM/r 3 . Using a detector to r = 1 meter, the corresponding gravity can be reached with a rotational wheel rotating with an angular frequency of Ω ≈ 1543 rad/s=245 rev/s for M ∼ 10 16 kg and Ω ≈ 25 rad/s=3.9 rev/s for M ∼ 10 13 kg. However, if we would have a mass M ∼ M ⊙ , we would need to have an angular frequency Ω ∼ 10 9 rev/s, and this acceleration would have relativistic effects.
Analyzing the typical experiments on a harmonic oscillator [12] and an infinite well barrier [13] for a particle with an electron mass, the correction due to the gravitational effects has, in both cases, a dominant term which is given by osc . On the other hand, for a particle with an electron mass confined in an infinite well barrier of width a ∼ 10nm, it is possible to obtain that E inf . Note that either cases, the first-order corrections have the same order in the first-order correction of the energy if we do a comparison with their zero-order correction of energy. With this analysis it is possible to conclude that we can measure in a laboratory the effects of the quantization of a weak gravitational field directly or using non-inertial systems. 
